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We construct gravitational non-relativistic brane solutions of type IIA/IIB string theories 
and M-theory and their near- horizon geometries. The non-relativistic M2 and M5-brane 
metrics have Schrodinger symmetries with dynamical exponent ^ = 3/2 and z = ?>, re- 
spectively, whereas the known D3-brane solution has z = 2. The non-relativistic D-brane, 
NS5-brane, F-string and KK monopole metrics have asymptotically space and time transla- 
tions, space rotations, Galilean symmetries and a particle number symmetry. We construct 
two different gravitational backgrounds of a non-relativistic D1-D5 system, both having 
asymptotically Schrodinger symmetry with exponent z = 2. We study the properties of 
the solutions and their phase diagram. 
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1. Introduction 



The AdS/CFT correspondence relates conformal field theories in (i-dimensional flat 
space-times to gravitational theories (superstring/M-theory) in asymptotically AdSd+i 
curved spaces (for a review see [Q). The gravitational description is weakly coupled when 
the conformal field theory is strongly coupled. The AdS/CFT correspondence has been 
generalized in various ways in order to relate non-conformal field theories to gravity. Two 
such generalizations have been realized by relating the worldvolume field theories of type 
II Dp-branes {p 7^ 3) and NS5-branes to their gravitational description. 

Recently, several attempts have been made to generalize the AdS/CFT correspondence 
to strongly coupled non-relativistic conformal systems .0 The symmetry group of such 
systems is the non-relativistic conformal group (the Schrodinger group) and it should be 
realized as the isometry group of the corresponding curved metrics. The Schrodinger group 
consists of translations in time and space, space rotations, Galilean boosts, dilatation and 
particle number symmetry. Such a solution of non-relativistic D3-branes has been obtained 
by applying a Null Melvin Twist to the relativistic D3-brane solution [|5|00, and by a 
Penrose limit or a TsT transformation in . In this case the metric has a special conformal 
symmetry in addition to the Schrodinger symmetry. This procedure has also been used to 
construct non-extremal non-relativistic D3-brane solution. 

It is natural to ask whether one can construct non-relativistic branes of different di- 
mensionality, i.e. Dp-branes for general p, NS-branes, M-branes and their intersections, 
and thus to generalize further the proposal for a duality between non-relativistic systems 
and gravity. The aim of this paper is to construct such solutions and discuss their prop- 
erties. In the various sections we analyze in detail the gravitational backgrounds at zero 
and finite temperature. Let us briefiy present in the following some of the results at zero 
temperature. In the table we summarize the various near-horizon metrics and the sections 
of the paper where we discuss them. 

^ Other recent discussions include Q. 
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Consider the non-relativistic Dp-branes, where the Dp-brane charge Qp ~ Pp~^- The 
parameter A can be ehminated by a redefinition of the coordinates t and ^. Note, however, 
that this cannot be done for the non-extremal Dp-brane solutions and A should be a 
physical parameter of the dual non-relativistic field theory related to a chemical potential 
0. As for the relativistic Dp-branes, the dilaton is not constant when p 3. There are 
two non-zero background fields: a RR {p + l)-form potential that takes the same form as 
in the relativistic case, and a NSNS 2-form B-field. 

The metrics have along the worldvolume directions space and time translations, space 
rotations and Galilean boost symmetries 



x'' ^ x'' - vH , ^ ^ ^ + v'x' - —t , 

in addition to a particle number symmetry (translation in ^) and an 5*0(9 — p) rotational 
symmetry in the (9 — p) transverse directions. The dual non-relativistic field theories 
live in the coordinates (t, x^), for i = 1, ... ,p — 1. The momentum in the ^ direction is 
interpreted as the particle number and the coordinate r as the inverse RG length scale. 
Note, however, that there is still an open issue of how to define properly the boundary 



where the non-relativistic field theory fives, since the leading term of the metric in the 
world volume directions is one-dimensional as r — > 0. 

When p = 3, the metric has two additional symmetries: a dilatation 

and a special conformal transformation 

{t, x\ r) ^ (^t{l - At), ^+^{x^ + r^), x\l - Xt), r(l - At) 

There is only one (temporal) special conformal symmetry of the non-relativistic D3-branes 
metric, while there are four special conformal symmetries in the relativistic case. 

The non-relativistic M2 and M5-brane metrics have Schrodinger symmetries that in- 
clude also a dilatation. Note that their metrics take the form 
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2A2 

dt'^ + 2dtd^ + [dx'f + dr' 



+ p\d^^ 



V is related to the dynamical critical exponent z via z = v -\-\^ where z parametrizes the 
anisotropy in the scaling of time and space coordinates: t — > A^t, x — > Xx. In addition there 
is a non-zero 3-form potential. Unlike the D3-brane case, special conformal transformation 
is not a symmetry of the M2 and M5 branes metric. 

The non-relativistic type IIB NS5-brane background has a linear dilaton, a RR 2- 
form potential and a NSNS 2-form B-field. It is obtained by applying an S-duality to the 
non-relativistic D5-brane background and has the same symmetries of the latter but it 
describes a coupled D1-NS5 system. The non-relativistic type IIA NS5-brane background 
can be obtained by taking a type IIA limit of the non-relativistic M5-brane background. 
The solution contains D2 branes stretched along a worldvolume direction and a transverse 
direction, thus describing a coupled D2-NS5 system. The non-relativistic type II NS5-brane 
background provides a dual description of a non-relativistic Little String Theory. 

The non-relativistic type IIB fundamental string background has a non-zero dilaton, 
a RR 2-form potential and a NSNS 2-form B-field. It is obtained by applying an S-duality 
to the Dl-brane background and has the same symmetries. It describes a coupled Dl-Fl 
system. The non-relativistic type IIA fundamental string background is obtained by a 
reduction of the eleven-dimensional M2-brane background to ten dimensions and has a 
non-zero dilaton, a RR 3-form potential and a NSNS 2-form B-field, describing a coupled 
F1-D2 system. 
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Unlike the relativistic case, the non-relativistic D3-brane of type IIB is not invariant 
under S-duahty, since the NSNS B-field is mapped to a RR 2-form vector potential C2. This 
implies that unlike A/" = 4 Super Yang-Mills, here the dual non-relativistic conformal field 
theory does not possess an S-duality symmetry. Moreover, while the original background 
has a NSNS flux, the S-dual background is supported solely by RR fluxes. 

Another eleven-dimensional non-relativistic background in the table is the Kaluza- 
Klein monopole obtained by lifting the D6-branes background to eleven dimensions, 
where ds\j^^ is the metric on an ALE^^i space and in addition there is a non-zero 3- form 
potential. 

As for the non-relativistic D3-brane, the non-relativistic D1-D5 branes metric has a 
special conformal symmetry in addition to the Schrodinger symmetry. In the table M4 
refers to the four-torus or to K3. In both cases, we can perform the shift along an 
isometry of the three-sphere and obtain a solution with a constant dilaton, NSNS B-fleld 
and RR 3-form fleld strength. If we pick the four-torus as a compact manifold, however, 
we can perform the shift along the torus isometry and obtain a different solution, with the 
same metric but with an additional RR flve form flux turned on. 

The paper is organized as follows. In section 2 we will consider the type IIB non- 
relativistic branes. The non-relativistic Dp-brane backgrounds are obtained from the 
relativistic Dp-brane solutions via a TsT transformation as in 0, or by using the Null 
Melvin Twist procedure as in [H , following ||] . In the case of the type IIB Dp-branes 
it works as in the original example of 00 0- We verifled that both methods generate 
the same non-relativistic Dp-brane backgrounds. We use S-duality in order to obtain the 
non-relativistic type IIB NS5-brane and fundamental string backgrounds. In section 3 we 
will consider the type IIA non-relativistic branes. We will flrst perform a Null Melvin 
Twist of the IIA black branes and obtain non-relativistic metrics whose noncompact part 
depends explicitly on the coordinates of the sphere. We will then modify the solution to 
obtain an analogous solution to the IIB case, where the noncompact part of the metric is 
independent of the compact directions. In section 4 we will consider the non-relativistic 
M-branes and KK monopole, which we will obtain by lifting the type IIA non-relativistic 
D2, D4 and D6-branes to eleven dimensions. By reducing to ten dimensions the M2 and 
M5-branes we obtain the IIA Fl and NS5-brane solutions. In section 5 we will consider 
the D1-D5 system and present the two different solutions obtained by performing the TsT 
shift either along the three-sphere or along the compact torus. In section 6 we will study 
the phase diagrams of the various solutions. Finally, in the Appendix we collect some 
useful geometrical results. 
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2. Non-relativistic Type IIB branes 

The relativistic non-extremal Dp-brane backgrounds in ten dimensions (IIA for p even, 
IIB for p odd) read (in the string frame and = 1) 

ds^ =1 (-fdr^ + dy^ + {dx'f) + h (f-^dp^ + p'd9l_\ , 

(2.1) 

where Vo^S"^"^) is the volume form of the transverse 5"^"^ and 

VP/ VP/ (2.2) 

The non-extremality parameter is pu, and by taking it to zero we obtain the extremal 
solution. The symmetry group of the metric is ISO{p) x 5*0(9 — p) {p ^ 3), and is 
enhanced to /5'0(1, p) x S'0(9— p) in the extremal case. ISO{\, p) {ISO{p)) is the Poincare 
symmetry group of the D-brane worldvolume, and SO{9 — p) is the rotational symmetry 
in the (9 — p) transverse directions. In the following we will use these solutions as starting 
points in order to generate the non-relativistic Dp-brane backgrounds. 

2.1. Non-relativistic Dp-branes 

The non-relativistic Dp-brane backgrounds can be obtained from the relativistic Dp- 
brane solutions via a TsT transformation as in or by using the Null Melvin Twist 
procedure as in 00, following In the case of the type IIB Dp-branes it works as 

in the original example of We will verify that both methods generate the same 

non-relativistic Dp-brane backgrounds. 

Starting with the black brane solutions ( |2.1|) , the procedure of consists of the 
following steps: 

(1) T-dualize along an isometry direction x in the compact directions. In the type IIB 
case, the odd-dimensional spheres can be written as U{1) fibrations over a complex 
projective space as U{1) "-^ S^~p "-^ and we T-dualize along the fiber direction 
dx (details of the relevant fibrations are outlined in the Appendix). 

(2) Shift a light cone direction in the world- volume of the brane according to ^ = '^{v ~ 
r)^i + Sx. 

(3) Repeat (1). 
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The Null Melvin Twist generates new supergravity solutions in eight steps, and con- 
sists of a boost, a TsT transformation and an inverse boost plus a scaling limit: 
11 



Start with the black brane solutions in (|2.1 



Boost in the translationally invariant direction y by an amount 7. 
T-dualize along the boosted direction dy. 

Twist a one form in the transverse compact direction dx ^ dx + ady. 
T-dualize back along dy. 
Boost back by —7 along y. 

Take the scaling limit a 0, 7 — > 00 keeping (3 = \ae^ fixed. 
Change to lightcone coordinates t = (y + t)/\/2, ^ = [y — t)/\/2. 
By applying this procedure, we obtain the non-relativistic black Dp-branes (for odd p) 



ds- 



hK 
+ h 



- (I + dt^ - l^e' + (1 + f)dtd^ + K{dx'f 

f-'dp' + p'(^^{dx + A)' + ds^^ 



(2.3) 



B =4^{dx + A)A ((1 + f)dt + (1 - m) , e'^-.l^'' " 



where K = 1 — 0^ p^g{p) and g{p) is defined in ( p.2|) .i We introduced dA = J, where J is 
the Kahler form on the complex projective space P~2^. dsp is the metric on and 

^{dx + Af + dsl , 

is the metric on the squashed (8 — p)-sphere, with squashing parameter K (the details are 
in the Appendix). Note that the RR fiux is not affected by the Null Melvin Twist. When 
p = 3 the solution reduces to the known one [||. 

The Poincare symmetry group of the relativistic Dp-brane metric is replaced by a non- 
relativistic symmetry. Asymptotically, at large p it includes space and time translations, 
space rotations and Galilean transformations. The extremal non-relativistic Dp-brane met- 
ric exhibits asympotically also the 5*0(9 — p) rotational symmetry group. This rotational 
symmetry is broken in the non-extremal case to SU{^)xU{l), since the odd-dimensional 
spheres get squashed and the remaining isometries are the ones of the complex projective 

7-p 

space P 2 times the fiber direction. 



In the procedure of [n], the shift 5^ =20^ . 
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Next, we take the near-horizon hmit by replacing the harmonic function h — > 
and changing the radial coordinate p/pp = Pp/r. The near-horizon geometry of the non- 
relativistic non-extremal black branes reads 



Pp\— 1 



K 



9 I 2/A- 



+ 



Pp 



p+i 



2 r 



dt^ - ^d^^ + (1 + f)dtdC + K{dx'f 



{dx + Af +ds\ 



B 



.Xdx + A)^{{l + f)dt + {l-f)d^) 



(2.4) 



y2r2K 



1 



(p-3)(7-p) 



V r 

where the RR charge ( p.2[) is replaced by Qp - 
A = ru = pI/ph, and 

7-p 



{7 — p)p'L we introduced the notations 



K = 1 + 



A^r 



2^5- 



(2.5) 



The Hawking temperature of the non-relativistic black branes can be computed in the 
usual way by requiring the absence of a conical singularity of the euclideanized metric near 
the horizon at r = ri^. One finds 



Th 



V2{7-p) f Pa\~'' 



(2.6) 



The factor of \/2 is due to the relation between the time coordinate which is used in the 
near horizon analysis, and the time coordinate of the non-relativistic field theory 0. 

Finally, we can take the extremal limit r// ^ oo, where / —*>!, (7— i>0,iir^l and 
find the zero-temperature solution with non-relativistic symmetries 

2A2 



ds^ = 



B 



7-p 
2 



r 



-dr + 2dtd^ + {dx 



{dx + A) Adt 



Pp 

r 



+ ' [dr' + r^idx + Af + dsl]] 



(p-3)(7-p) 
4 



P+1 
2 



(2.7) 

The parameter A can be eliminated by a redefinition of the coordinates t and ^. Note, 
however, that this cannot be done for the non-extremal Dp-brane solutions and A should 
be a physical parameter of the dual non-relativistic field theory related to a chemical 
potential ^j. Also, the SO{9 — p) rotational symmetry group which was broken in the 
non-extremal case is restored in the extremal limit. 
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2.2. Non-relativistic NS-branes 



Consider the near-horizon geometry (|2.4| ) for the black Dp-branes. Under an S-duahty 
transformation we have 



B'r, = Co 



Co = — B") 



2.i 



where C2 is the RR two-form potential. We can obtain the NS fivebrane and the funda- 
mental string solutions for p = 5 and p = 1. 
Non-relativistic NS5-hranes 

S-duality transformation of the non-relativistic D5-branes yields the type IIB non- 
relativistic NS5-brane background 



ds'^ 



1 



- I I + dt'' - ^-de + (1 + f)dtdi + K{dx'f 



r 



r^dr^ + r^^{dx + Af+dsl 



Hs =Q5Vol(^3^ 



(2.9) 



C 



P5 



{dx + A)A{il + f)dt + {l-f)dO ■ 



The metric exhibits asymptotically the same symmetries as the non-relativistic D5-brane 
metric. In the limit vh 00 we find the zero-temperature non-relativistic geometry 



ds^ 



NS5 
C2 



2/S? /n.\2 

^^dt^ + 2dtdi + {dx'f + 



2 , ..... , .^.n2 , IP^V ^dr^^r\dx + Af + dsl.]) 



r 



V2Apl 



(2.10) 



{dx + A) Adt 



P5 



and the NSNS flux remains unchanged. This is a background with an NS5 and a Dl 
string stretching along the U{1) fiber direction dx + A. Note that this is different from 
the solution one would get by starting with the non-extremal NS5 brane and applying the 
Null Melvin Twist. 

Non-relativistic fundamental string 

S-duality transformation of the non-relativistic Dl-branes yields the non-relativistic 



type IIB fundamental string background 



ds 



Fl 



+ 



1 



r^dr^+r^-{dx + Af + dsl, 



i^Hs =Vol{S^)Qi 
^ V2Apl 



(2.11) 



{dx + A)Adt. 



In the limit r/j — » oo we find 



2A2 



+ {^y{dr' + r'[d{x + Ar + dsU) , 



C2 = - 



(2.12) 



{dx + A)/\dt, 



Pi 
r 



while the NSNS flux is unchanged. This is a background with a fundamental string and a 
Dl string stretching along the U{1) fiber direction dx + A. Again, this solution is different 
from the one obtained by starting with the non-extremal Fl and applying the Null Melvin 
Twist procedure. 

Non-relativistic D3-branes and S- duality 

Unlike the relativistic case, the non-relativistic D3-brane of type IIB is not invariant 
under S-duality, since the NSNS potential is mapped to a RR 2-form potential C2. This 
implies that unlike J\f = 4 Super Yang-Mills, here the dual non-relativistic conformal field 
theory does not possess an S-duality symmetry and moreover it is dual to a purely RR 
background. For large values of the dilaton, the correct description of the non-relativistic 
D3-brane is in terms of the dual background 



ds 



D3' 



P3 

r 



+ (^) VK 

r 



9 , 2/A- 



dt^ - ^di'^ + (1 + f)dtdi + K{dx'f 



1 



f-^dr^+r^-{dx + Af + dsl, 



(2.13) 



i^5=Q3(l+*)Vol(5^) , 



{dx + A)A{{l + f)dt+{l-m) , 



K 



3. Non-relativistic Type IIA Dp-branes 

In this section, we will first perform a Null Melvin Twist of the type IIA black branes 
and obtain a warped non-relativistic metric whose noncompact part depends explicitly 
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on the coordinates of the sphere. We wiU then modify the solution and get a solution 
analogous to the type IIB case, where the noncompact part of the metric is independent 
of the compact directions. 

Consider the black brane solution (|2.1|) . In the case of even p, the compact directions 
transverse to the brane consist of even- dimensional spheres, that cannot be written as 
fibrations. Let us consider the extremal case for simplicity and perform a Null Melvin 
Twist, where the shift in the TsT is along one of the isometries of the compact sphere. If 
we take the standard metric on the sphere 



dfls-p = del + sin^ Oi [dOi + sin^ ^2(. • • + sin^ 6^ 



(3.1) 



and choose dOg-p as the isometry direction, we get the near-horizon geometry 



ds' 



K 



dt^ + 2dtd^ + {dx 



i\2 



+ 



Pp 



D+l 



dr^ + r^dni 



B =- ^7 ^ dOs-p A dt 

*Fp+2 =yoi{s^-nQp . 



r 

Pp 



(3-p)(7-p) 



(3.2) 



The components of the metric parallel to the brane explicitly depend on the angles of 
the sphere through the function e{6) = sin^ 6i . . .sin^ 6s-p-i- However, we can drop the 
angle dependence from gu and find a modified B field whose stress tensor satisfies the 
new equations of motion. It is straightforward to check that the following solution has the 
desired properties of a non-relativistic extremal geometry 



ds' 



7-p 
Pp\ 2 



2A^ 



dt"^ + 2dtd^ + {dx 



i\2 



B ^- ^ ^ de&-p A dt 



(3.3) 



with the dilaton and RR flux as in (|3.2| ). The metric in the directions parallel to the 
brane does not depend on the compact directions, and has the same structure as that of 
the odd p non-relativistic Dp-branes. We leave it as open problem to construct the finite 
temperature version of (|3.3|). 
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4. Non-relativistic M-theory branes 

In this section, we will obtain the extremal solutions for the non-relativistic M theory 
geometries of the near-horizon M2 and M5 branes and the KK monopole. The M2 and M5 
solutions exhibit the full Schrodinger symmetry with dynamical exponents v = 1/2 and 
f = 2 respectively, as opposed to the D3 brane case 0@Q that has z/ = 1. By reducing 
to ten dimensions we will then obtain the type IIA NS5-brane and Fl solutions. 

The uplift to M theory of the IIA solutions (^.31) is given by 



1 . (4-1) 

3!' 



A3 =—dx^ A dx" A dx^C^^p + \dx^ A dx"" A dxioB^^ , 



where xio denotes the eleventh coordinate, C's are the RR potentials and B is the NSNS 
potential. 

4.1. Non-relativistic M2-branes 

The uplift of the D2 solution (|3.3| ) is most transparent in cartesian coordinates. The 
non-relativistic D2-brane reads 

- \ - 



ds%2 = (^-^ J {-2(3^p^dt^ + 2dtdi + dx^) + y'-^j [dxl + ... + dxl) , 

B =V7l3 {xsdxg - xgdxs) Adt , e*^ = [p^l pY , (4-2) 

F4 =-—^^^dt A d^ A dx A {xsdxs + . . . + xgdxg) , 
H2 P 

where p"^ = x\ -\- . . . ^- x^. Its lift to eleven dimensions is 

rfs^ =H~^ {-2[3'^p^dt^ + 2dtdi + dx"^) + {dxl + ■■■ + dxl + dxl^) , 



F4 =^-K^^dt Ad^ Adx A (x^dxs + . . . + xgdxg) + 2V7 /3dt A dxg A dxg A dxio 



(4.3) 



where a; 10 is the M theory circle and H = (^^^ is the harmonic function corresponding 
to a smeared M2-brane and F4 is the eleven dimensional four-form flux. To obtain the 



localized M2-brane ||T^ one needs to replace the harmonic function H with 



s6 

H ^ H = V — ^ , (4.4) 

^ [p2 + (xio - xio + 27rni?)2]3 ' ^ ^ 
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where a;io is the position of the M2-brane on the eleventh dimensional circle of radius R. 
In the limit where we are far away from the M2-brane, one can Poisson resum (|4.4|) and 
get back to the smeared solution, since 



5 oo / 5 \ 



where we matched P2 oc Rp2- In the deep IR we are very close to the M2-brane and we 
can neglect all the images, namely take H = (p2/p)^, with p^ = p^ + xfg, obtaining the 
non-compact eleven dimensional solution 

ds\j2 =H~i {-213'^p^dt^ + 2dtdi + dx'^) + [dxl + ...-1-^X9 + dxl^) , 

F4 =— — z:^dt A d^ A dx A (x^dxs + . . . + xgdxg) + 2\/8f3dt A dxs A dxg A dxio , 

where we replaced ^9 — p \/10 — p as coefficient of the last term in the four-form flux. 
Finally we change variables to p^ lp\ = P2/r and rescale r r/2, p^ /52/2, we obtain 
the non-relativistic geometry 

dsl[2 = f— 1 \-2—dt^ + 2dtdi + dx^ + dr^\+ Ap^d^'^ , (4.6) 



r 



where A2 = 4/3^ This solution exhibits the full Schrodinger symmetry with dynamical 
exponent 



Note that unlike the non-relativistic D3-brane case, special conformal transformation is 
not a symmetry of the non-relativistic M2-brane metric. 

4-2. Non-relativistic M5-branes 



Consider the solution for the type IIA D4-brane (|3.3[ ). Its lift to eleven dimensions 



after changing the radial coordinate to p/p4 = p^/r and rescaling r — > 2r, p4 — > 2p4, reads 

1 



2 

^-dt^ + 2dtd^ + {dx')^ + dr^ 



j,4 



+ -pldVtl , 

^ (4.7) 



F4 =2V5pdt A dx8 A dxg A dxio + Q^VoliS"^) , 

where z = 1, . . . , 4 and the last coordinate is the eleventh dimensional one and A5 = (3p^/2. 
This solution exhibits the full Schrodinger symmetry with dynamical exponent 

iy = 2. 

As for the non-relativistic M2-branes, also the M5-brane metric does not possess the special 
conformal symmetry. 
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4-3. Non-relativistic KK monopole 



The D6-brane in (|3.3| ) is uplifted to an eleventh dimensional solution 
2A2 



r 



+ 



P6 Y 



A, 



r / 



rfr^ + r^[d9^ + sin^ ^d^^ ^ J_ (^^^2^ _ Q(cos^ - 



yMPl sin^ 6'i difAdtA dxio 



We can identify a non-relativistic KK monopole, whose compact part is an ALE^-i space, 
by changing coordinates to 

9 = 9/2 , = xio/2p6 , 

(f = (p + (f), r = Af'^/pe , 



and obtaining 



2 a4 

^dt^ + 2dtd^ + + 



P6 

f 



rfr'-^ + r^[c/6'^ + sin^ 9dip^ + cos'-^ 6'(i?/' 



a/HA^/o^ ~ / 2r/f ~ ~ ~\ 

F4 — -^dt Ad(pAdi)\ sin^ 29 + sin4^d^ , 

(4.9) 

where we redefined Ay = (3p1/A. The compact part is an ALE^^i space (A^ = Qe), where 
we identified ((^, 4>) ~ ((^, (^) + {2it/N, 2tx /N). It is easy to see this by changing coordinates 



to y 



pI 



4 ■4- Type II A NS-branes 

Non-relativistic NS5-branes 

Consider the M5-brane ( [4.7| ). By reducing it to ten dimensions along a transverse 
direction we obtain the solution for the IIA NS5-brane 

ds%s5 = - 2(3'^p^dt^ + 2dtd^ + [dxi)'^ + [pi/ p^) [dxl + . . . + dxl) , 



ifs =Q4Vol(^3) ^ ^ 



(4.10) 



F4 =2y/5/3dt A (ix4 A (ia^s A dxg . 
By a change of variables we can recast this metric into the more familiar form 

2A2 



-dt^ + 2dtd^ + {dx,f + ^ (c^r^ + r^rfO^) 



(4.11) 
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where A = Pp^. While the type IIB fivebrane solution (|2.10| ) contains Dl-branes stretched 
along the dx direction, the type IIA fivebrane solution contains D2-branes stretched along 
a worldvolume direction and a transverse direction. 
Non-relativistic fundamental string 

Reducing the M2-brane solution to ten dimensions we can obtain the IIA fundamental 
string solution with non-relativistic symmetries 

dsp^ =^ {-2l3p^dt^ + 2dtd() +dxl + ...^dxl , 
P2 

F4 =2V7l3dt A dx7 A dxs A dxg , (4.12) 

— — —r^dt A d^ A (X2dx2 + . . . + XgdXg) , 6* = (p/p2)^ , 

By a change of coordinates we can recast the metric in the following form 

d4^=(^^y(^-^dt2^2dtci^^ + (^^y(dr2 + r2rf02) , (4.13) 

where A = (3p2. 



5. Non-relativistic intersecting branes 

5.1. Two D1-D5 non-relativistic systems 



We can apply a TsT transformation to the black D1-D5 system in |T^. The four 
compact directions parameterize a four manifold M4 that can be either a K3, that has no 
isometries, or a torus T^. In both cases we can perform a T-duality along the three-sphere 
transverse to the Dl, by considering the sphere as a Hopf fibration and proceeding as above. 
However, when the compact four-manifold is a torus, we can perform a TsT transformation 
with a T-duality along the torus direction. In this case, we obtain a new solution with an 
extra five-form fiux turned on, whose metric is the same as the previous one in the limit of 
zero temperature. Hence, in the case that the compact four-manifold is a torus, we have two 
different non-relativistic black branes that have the same metric in the zero temperature 
limit In fact, there is a continuous family of non-relativistic backgrounds, all having the 
same metric asymptotics. They are obtained by a T-duality along a linear combination of 
a direction and the U{1) fiber of S^. It would be interesting to understand this result 
in the dual non-relativistic quantum mechanics. 
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Starting with the Schwarzschild black brane geometry in |TT[] (with the boost charge 
a set to zero) 



V -ni-ns 

^3 -%\dT AdyAdp + Q5Vol(^3) ^ 



f 



Hi 
H5 



(5.1) 



where the compact manifold is either a K3 or a torus, we can perform a TsT transformation 
with T-duality along the sphere. The non-relativistic D1-D5 solution is similar to the ones 
constructed above for the odd branes 



1 



D5 



9 



^ + 2p'0'f ) dt^ - ^dC^ + (1 + f)dtdC 



B 



(3p^ 1 



dp" , 2 ({dx + A) 



f 



+ P 



K 



[dx + A)A{{l + f)dt + {l-f)dO 



Hi 
H5K 



(5.2) 



Fs =9±]_dtAd^Adp + Q5Vol(^3^ 
iff P'^ 



where the harmonic functions are Hi = 1 + pyp , = 1 + pg/p and K = 1 + (3 pjj is 
a constant, f = 1 -\- g and g = —pjj/p'^. The black brane charges are Qi = Ipi^ p\ + p\, 
Q5 = 2p5a/p5 + pfj- The near horizon Schwarzschild geometry is 



dsi 



B 



. PlP5 

+ P1P5 
Apips 1 

1 



+ 



{dx + Af 
K 



-de + {l + f)dtd^+jdr^ 

Pi ^.2 



+ dflpi I H c?s";vf4 ' 

P5 



(dX + ^) A((l + /)rft + (l-/)dO 



Pi 



(5.3) 



P5VK 



Fs =2pi — -dtAd^Adr + Vol(^' 



where A = fipip^. We changed variables to 



P1P5 



^if^ and we replaced Qi 



2p?, 

— i> 2p| and the RR flux is the same as in (p7^), while g = —r^/rjj where rn = PiPb/pn- 
In the limit of zero temperature the solution becomes 

/2A2- 



, 2 _ PlP5 



B 



v^Apips 



rft^ + 2cftcf^ + dr^ 

$ Pi 



+ PiP5 {{dx + Af + rfOpi) + —dsl^^ 

P5 



{dx + A) Adt , 



P5 



(5.4) 
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plus the usual F3 flux. Its dual is a (0 + l)-dimensional quantum mechanics with 
Schrodinger symmetry and exponent 1/ = 1. Note that this solution has vanishing scalar 
curvature. For large values of the dilaton, we can go to the S-dual solution by applying 

The other possibility is to perform the T-duality along a torus direction, instead of 
using the U{1) isometry of the Hopf fibration. We denote by (pi,i = 1,...,4 the torus 
coordinates and we pick (i(^4 as the T-duality isometry direction. Following the TsT 
method of |p] we find the following near-horizon black hole solutioni 



PlP5 1 

r2 K 



9 , 2A/\ 



2 + 



dr 



^dC^ + (1 + f)dtd^ + ^dr^ 



f 



P5 



B 



V2Kr- 



-dip^A[{l + f)dt + il-f)d^] 



Pi 



(5.5) 



P5 



K 



cos 6 — 1 



dt Adr AdxA 



+ (1 + 2 ★lo) [(1 + f)dt + (1 - m] A yol{S' 



Adip4 



where A = ap\l\p2 [a is the shift) and the three-form F3 is the same as in ( p.3| ). The 
self-dual fiux in the type IIB equations of motion is the combination F5 = F5 — A 
-^3 ~ ^^2 A if) . The fiuxes in (|5.5| ) conspire to make a self dual -F5 , which is the reason why 
we have a factor (1 -f 2*) instead of the usual (1 -f- ★). In the extremal limit, this second 
solution has the same metric, dilaton and three-form as in (|5.4| ), but a different B- field, 
plus a five-form fiux 

^ — a(/?4 A at , 

(5.6) 



B 



_^pipi 



cos 6 — 1 



dt Adr AdxAd(f} + 2(1 + 2 v^io) dt A Vol(^"^ 



Adip4 



5.2. Two F1-NS5 non-relativistic systems 

When the dilaton is large, a proper description of the non-relativistic D1-D5 system 
is obtained by applying the S-duality transformation (|2.8|) that gives a non-relativistic 



The Null Melvin Twist analogous to the TsT just described would be to T-dualize the 



dy direction, shift the torus isometry dip^ and then T-dualize back, as outlined in section 2.1 



However, in performing the scaling limit some of the fluxes blow up, so in this case the Null 
Melvin Twist and the TsT transformation are not equivalent. 
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F1-NS5 system with flux. In the case the T-duahty in the TsT is along the three-sphere 
isometry, the near horizon geometry of such F1-NS5 solution at non-zero temperature is 



pI 



9 , 2AV 



dr 



^d^^ + (1 + f)dtd^ + ^dr 



f 



2 

M4 5 



Co 



v^r2 K 



(5.7) 



{dx + A)A{{l + f)dt + {l-f)dO 



2 2 
B =^dt A d^ + ^ {cose - l)dx A 



Pi 



In the extremal limit, we simply have K, f ^ 1 and (7 — > 0. 

In the second case (|5.5|) , in which the T-duality in the TsT is performed along the 
torus direction, when the dilaton becomes large we can pass to the S-dual description in 
terms of the extremal F1-NS5 near-horizon geometry 



ds^ -^1 



9 , 2A/ 



dt^ - f + {1 + f)dtdi + ^dr 



f 



+ pldVtl + i^d^l + d^l/K 



(5.8) 



C2 =^|^^V^4 A [(1 + f)dt + (1 - /)rf^] 



and same RR five- form fiux as in ( ^.5|) , while the dilaton and B field are the same as in 
( ^.7|) . Just as for the D1-D5 system, the zero temperature limit of the two F1-NS5 systems 
have the same metric isometries. 



6. Phase structure 

When trying to relate the gravity description to a dual non-relativistic field theory, 
we need to compactify the null coordinate ^. The reason is, as noted before, that the 
momentum in the ^ direction is interpreted as the particle number of the non-relativistic 
field theory, which is discrete. However, a compact null-direction, which can be viewed 
as the limit of a small compact space-like circle, takes us out of the validity of the su- 
pergravity approximation. To properly analyze the phase structure of the non-relativistic 
Dp-branes we should consider the non-extremal solutions because in the finite temperature 
case the null circle receives a finite size with a conical singularity at the origin of the radial 
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direction. We can then trust the supergravity approximation away from the boundary. 
In the foUowing we wiU perform a simpler analysis and consider the extremal case, which 
is valid when the coordinate ^ is non-compact. The phase structure that we find is very 
similar to that of the relativistic Dp-branes. This, together with the fact that at finite 
temperature the horizon is not affected by a TsT transformation |T^, suggest that the 
phase structure of the non-extremal non-relativistic Dp-branes is similarly equivalent to 
that of the non-extremal relativistic Dp-branes. 

We define a dimensionless expansion parameter 

^e// = • (6.1) 

The curvature TZ associated with the non-relativistic Dp-brane metric takes the form 
which explicitly reads 

The effective string coupling takes the form 

where we used Qp ~ e~*°° (pp//s)^~^. 

The supergravity action for the non-relativistic Dp-brane backgrounds scales as 

17' I ^ge-'^nd'^x ~ Ql . 

This suggests that the number of degrees of freedom of the corresponding non-relativistic 
field theory also scales as Q^, which is the same as in the relativistic case. Again, to 
properly perform the calculation we need to consider the finite temperature background. 
However we expect, barring a possibility of a phase transition, that the thermal non- 
relativistic field theory exhibits the same number of degrees of freedom scaling. 

The supergravity action for the non-relativistic M-brane backgrounds scales as 

where n = ^ for the M2-branes and n = 3 for the M5-branes. Again, this suggests that 
that the number of degrees of freedom of the corresponding non-relativistic conformal field 
theory scales as in the relativistic case. 

The phase diagram of the non-relativistic branes in various dimensions can be analyzed 
as in the relativistic brane case |T^, and in the presence of a NSNS B-field [0. It has a 
similar structure. We will perform the analysis in the following and we will set the string 
scale to one, except when explicitly written. 
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6.1. Non-relativistic Dl-branes 



The dimensionless effective coupling ( |6.1|) reads 



9eff = Is Vl^ • 



We expect a perturbative non-relativistic quantum mechanics description when the effec- 
tive coupling is small Qeff <^ 1. This is the UV regime of length scales r ^ The 
description breaks down at Qeff ~ 1, i.e. at a length scale r ~ The curvature of 

the non-relativistic Dl-brane metric ( |6.2|) is small at length scales r ^ The effective 

string coupling 

e* ~ {r/pif , 

is small at length scales r <^ pi. Thus, the type IIB supergravity description ( ^.T] ) is valid 
in the regime ^ r ^ pi. At length scales r ^ pi the effective string coupling is 
large and we need to apply an S-duality transformation to the non-relativistic Dl-brane 
background. This gives the non-relativistic fundamental string ( p.l2|) . The effective string 
coupling now is e* ~ (pi/r)^ and it vanishes in the IR at large r. The curvature in the 
new string units Ig 

n ~ r'/p\ , 



blows up in the IR. The type IIB supergravity description (|2.12 ) breaks down at length 
scales r p\. In the IR regime r ^ p\we expect a free non-relativistic conformal quantum 
mechanics description. 



r.«QM nBNRFl IIBNKI.1 P'"*™'*^ 
^ I I ^ 11011- colli. QM 

Fig. 1: The phase diagram of the Dl-brane theory as a function of the inverse 
energy scale r. It flows from a perturbative non-relativistic non-conformal quantum 
mechanics in the UV to a free quantum mechanics in the deep IR. 
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6.2. Non-relativistic D2-branes 

1/2 

The dimensionless effective coupling Qeff = (pi^) is small in the UV at length 
scales r <^ l/pi? expect a perturbative two-dimensional non-relativistic field theory 

description in this regime. The description breaks down at a length scale r ~ l/p^- The 
curvature of the non-relativistic D2-brane metric (|3.3|) is small at length scales r ^ l/pi- 
The effective string coupling ~ {r j P'lf^'^ is small at length scales r <^ p^. Thus, the type 
IIA supergravity description ( |3.3[ ) is valid in the regime \ j p\ ^ r p^. At length scales 
r ^ P2 the effective string coupling is large and we need to uplift the non-relativistic D2- 
brane ten-dimensional background to eleven dimensions. The uplifted solution (see section 
4.1) is valid as long as its curvature in eleven-dimensional Planck units t^TZ ~ e^'^^^llTZ 
is small. This gives r <^ p^. Thus the eleven-dimensional uplifted solution is valid in the 
regime p2 r <^ p^. In the IR regime r ^ p| we expect a two-dimensional non-relativistic 
conformal field theory description realized on the worldvolume of the non-relativistic M2- 
branes. 



NRCFT UpUffetlNRDI IIANRD2 



Peitiu'brttiv? 
iioii-coiir NETT 



Fig. 2: The phase diagram of the D2-brane theory as a function of the inverse 
energy scale r. It flows from a perturbative non-relativistic non-conformal field 
theory in the UV to a non-relativistic CFT in the deep IR. 



6.3. Non-relativistic D^-hranes 

1/2 

The dimensionless effective coupling g'e// = (pI/''^) is small in the IR at length 

5 12 

scales r ^ p^ , and we expect a perturbative four-dimensional non-relativistic field theory 

5 12 

description in this regime. The description breaks down at a length scale r ~ p^ . The 

5/2 



curvature of the non-relativistic D4-brane metric (|3.3|) is small at length scales r ^ p^ 
The effective string coupling e* ~ (^4/^)"^^^ is small at length scales r ^ p4. Thus, the 
type IIA supergravity description ( |3.3| ) is valid in the regime p4 ^ r <^ pI^^- At length 
scales r ^ p4 the effective string coupling is large and we need to uplift the non-relativistic 
D4-brane ten-dimensional background to eleven dimensions. In the UV we expect a five- 
dimensional non-relativistic conformal field theory description realized on the worldvolume 
of the non-relativistic M5-branes ( [4.7| ) . 
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6.4- Non-relativistic D5-branes 

The dimensionless effective coupling g^ff = p\/{11t) is small in the IR at length 
scales r P5, and we expect a perturbative five-dimensional non-relativistic field theory 
description in this regime. The description breaks down at a length scale r ~ pg. The 
curvature of the non-relativistic D5-brane metric (|6.2D is small at length scales r <^ pg. 
The effective string coupling ~ p5/r is small at length scales r ^ p^. Thus, the type IIB 
supergravity description (|2.7|) is valid in the regime ^ r <^ p\. At length scales r <^ p^ 
the effective string coupling is large and we need to apply an S-duality transformation 
to the non-relativistic D5-brane background. This gives the non-relativistic NS5-branes 
( p.lOp . The effective string coupling now is ~ r/p5 and it vanishes in the UV at small 
r. The curvature 7^ ~ is independent of r and is small at large ps. Thus, the type 
IIB supergravity description is valid in the IR at large p^. 

6.5. Non-relativistic D6-hranes 

1/2 

The dimensionless effective coupling g^ff = (Pe/^"^) small in the IR at length 

7 /3 

scales r ^ pg , and we expect a perturbative six-dimensional non-relativistic field theory 

7 /3 

description in this regime. The description breaks down at a length scale r ~ p^ . The 
curvature of the non-relativistic D6-brane metric (|3.3| ) is small at length scales r ^ Pq^ ■ 
The effective string coupling e* ~ (Pe/^)^''^ is small at length scales r ^ p4. Thus, the 
type IIA supergravity description ( |3.3| ) is valid in the regime p4 <^ r ^ Pq^^- At length 
scales r <^ pq the effective string coupling is large and we need to uplift the non-relativistic 
D6-brane ten-dimensional background to eleven dimensions. We get the the non-relativistic 
KK monopole as described in section 4.3. 
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Appendix A. Metrics on the spheres 

In this Appendix we outline the description of the odd-dimensional spheres S'^'^^^ as 
U{1) fibrations over P"'. 
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A.l. U{1) ^3 ^ 

The metric on is 



A =\ cos 6d4> ■ 

where Jp i = dA. The metric on S'^ is given by 



ds^gs = {dx + A) + (isp 1 . 



A.2. U{1) 

The metric on P^ is 



dSm 2 



,9 "^•2/2 2 2 2\ 

=a/i + - sm /X (^(j]^ + + cos /iCTgj 



A =^ sin^ /i CT3 , 

where cr^ are the SU{2) left invariant currents that satisfy dai = —^^ijkO'j A 

(Ti = cos '0(i6' + sin 9 sin -i/^df^ , 
CT2 = — sin 'i/'(i6' + sin 9 cos '(/'(i^ , 
(73 =(i'i/' + cos I 
and Jp2 = (i^. The metric on is given by 



ds'^gs = {dx + A) + (isp2 . 



A. 3. U{1) ^S'^ 

The metric on P'^ is 



dsp3 =dix^ + sin^ (ida^ + - sin^ ^ sin^ a [al + (j| + cos^ ctc^s) 

+ cos^ H {d\^ + 2 sin^ a [dXdip + cos 9d\d(j)) 

+ sin^ a + cos^ 6'rf(/)^ + 2 cos 9dijd(j)) 
^ =^ sin^ ^ (dA + sin^ CKTa) , 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 



(A.6) 



where ai are the SU{2) left invariant currents in ( |A.4| ) and Jps = d^. The metric on 5"^ 
is given by 



ds'^gr = {dx + A) + (isp3 



(A.7) 
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